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One-dimensional valence bond solid (VBS) states represent the simplest symmetry protected topo-
logical phases. We show that their ground state entanglement spectrum contains both topological
and non-topological structures. For the SO(3) symmetric VBS states with odd-integer spins, the
two-fold topological degeneracy is associated with an underlying Z2 × Z2 symmetry that protects
the corresponding topological phase. In general, for the SO(2S + 1) symmetric VBS states with
integer spins S, the corresponding protecting symmetry is identified as the (Z2 × Z2)
S symmetry,
yielding the 2S-fold topological degeneracy. The topological degeneracy and associated protecting
symmetry can be identified by a non-local unitary transformation, which changes the topological
order of the VBS states into conventional ferromagnetic order.
PACS numbers: 75.10.Kt, 03.67.Mn
INTRODUCTION
Topological properties of low-dimensional quantum
many-body systems have been attracting considerable in-
terest in both quantum information sciences and con-
densed matter physics. Remarkably, it is understood
that important information of the topological phase is
encoded in the von Neumann entanglement entropy of its
ground state.[1–3] In a seminal paper, Li and Haldane[4]
proposed that the entanglement spectrum (ES) labeled
by the quantum numbers of symmetries preserved by the
Schmidt singular-value decomposition contains more in-
formation than the entanglement entropy. In particular,
they found the largest eigenvalues of the ground state re-
duced density matrix mimics the physics edge spectrum
of a gapped quantum system, thus revealing the bulk
topological order. A large number of works have fol-
lowed, suggesting that the ”low-energy”structure of ES
reveals the bulk topological order.[5–8]
Recently, a critique on this body of work was given by
Chandran, Khemani, and Sondhi[9], who posed a ques-
tion,“How universal is the entanglement spectrum?” In
this paper we will address this important question by
studying the ES of a family of one-dimensional symme-
try protected topological (SPT) phases.[10–12] The SPT
phases have robust gapless edge excitations and can not
be continuously connected to trivial product state with-
out either breaking the protecting symmetry or closing
the energy gap. Moreover, the one-dimensional SPT
phases have been generally classified by group cohomolo-
gies completely.[10, 11, 13] ES of these phases are suf-
ficiently simple and can be calculated analytically for
model wave functions[14], thus providing an ideal set-
ting for addressing this issue. Our results demonstrate
that ES of topological phases include both topologi-
cal/universal and non-topological parts. In certain cases
the universal part can be isolated, and is extremely useful
in revealing the bulk topological order.
The simplest example of SPT phases is the Haldane
gapped phase of the antiferromagnetic spin-1 chain,[15]
which is protected by any one of the following discrete
symmetries: time reversal symmetry, link inversion sym-
metry, or the D2 ⋍ Z2×Z2 symmetry comprising pi rota-
tions about two orthogonal axes.[16–18] The fixed point
wave functions for these phases are the valence bond solid
(VBS) states.[19] We show their ES contains a topolog-
ical part, which is universal, and a non-topological or
non-universal part. The topological part can be isolated
by a topological disentangler, a non-local unitary trans-
formation. For the familiar SO(3) symmetric VBS states
with odd-integer spins, their ES is given by a single en-
ergy level with (S + 1)-fold degeneracy. However, the
bulk topological order only gives rise to (or protects) a
two-fold degeneracy, which is associated with the Z2×Z2
symmetry. The remaining (S + 1)/2-fold degeneracy is
not protected by the bulk topological order.
Furthermore, for VBS phases with higher symmetry,
we can find corresponding high topological degeneracy
and associated protecting symmetry via a generalized
non-local unitary transformation. Specifically, we find
in the SO(5) symmetric VBS state with spin-2,[20, 21]
the topological degeneracy are four-fold and the protect-
ing symmetry can be identified as (Z2×Z2)2. In general,
for the SO(2S + 1) symmetric VBS states with integer
spin-S,[20–24] the corresponding protecting symmetry is
given by (Z2 × Z2)S , and the topological degeneracy is
2S-fold.
2VBS STATES AND ENTANGLEMENT
SPECTRUM
The SO(3) symmetric VBS states with arbitrary inte-
ger spin for a periodic spin chain is given by[19]
|VBS〉 =
N∏
i=1
(
a†i b
†
i+1 − b†ia†i+1
)S
|vac〉 , (1)
where the Schwinger spin-boson representation with a
local constraint a†iai + b
†
ibi = 2S has been used as
s+i = a
†
ibi, s
−
i = b
†
iai, s
z
i =
1
2
(
a†iai − b†ibi
)
.
One can construct an SU(2) spin invariant model Hamil-
tonians, whose ground states are exactly given by these
VBS states.[25] In the thermodynamic limit, the spin cor-
relation function decays exponentially with a correlation
length ξ = 1/ ln (1 + 2/S), implying that the VBS state
is a gapped disordered state.
For a finite length chain with open boundary condition,
the ground state wave function is expressed as
|VBS (τz1 = α, τ
z
N = β)〉 =
(
a†1
)S
2
+α (
b†1
)S
2
−α
×
N−1∏
i=1
(
a†i b
†
i+1 − b
†
ia
†
i+1
)S (
a†N
)S
2
+β (
b†N
)S
2
−β
|vac〉.(2)
where α and β can be chosen from −S/2,−S/2 +
1, · · · , S/2, representing the eigenvalues of the edge spins
of τz1 and τ
z
N . There are total (S + 1)
2
degenerate edge
states.
As model wave functions of a family of one-dimensional
SPT phases, the VBS states exhibit the simplest ES. To
calculate the ES for the wave functions |VBS(α, β)〉, we
cut the spin chain into two parts A and B (see Fig.1a),
and the VBS wave function can be expressed as
|VBS (α, β)〉
=
S∑
n=0
(−1)S−n CnS |VBS (τ
z
1 = α, τ
z
L = n− S/2)〉A
× |VBS (τzL+1 = S/2− n, τ
z
N = β)〉B , (3)
where CnS = S!/n!(S − n)!. After the normalization of
all wave functions are carefully considered, the resulting
wave function is written as
|VBS (α, β)〉 =
S∑
n=0
(−1)S−n e−ξ/2
× |VBS (α, n− S/2)〉A |VBS (S/2− n, β)〉B , (4)
where a ratio of the length dependent factors has been
used: C(N)C(NA)C(NB) = (S!)
2 (S +1), and the entanglement
energy level is just given by a single level ζ = ln(S + 1)
with a degeneracy (S + 1), which exactly corresponds
to the degeneracy of the VBS wave function with one
edge spin. So the degeneracy of each edge spin and
FIG. 1: (Color online) The VBS states with open boundary
conditions in the different edge spin representations. (a) The
right edge spin is specified by its τz eigenvalue; (b) The right
edge spin is specified by its τx eigenvalue.
the degeneracy of the entanglement level has one-to-one
correspondence.[4] However, a natural question to ask is
whether all the degeneracies of the entanglement energy
level are topologically protected or not.
NON-LOCAL UNITARY TRANSFORMATION
In order to characterize the topological features of
these VBS states, non-local string order parameters
(SOP) were first proposed for the spin-1 case,[26], and
then generalized to arbitrary integer spins[27, 28]:
Oµs (j, k) = lim
|k−j|→∞
〈VBS|sµj exp

ipi k−1∑
i=j
sµi

 sµk |VBS〉
(5)
where µ = z, x or y. In the thermodynamic limit, the
SOP is found to be
Oµs (j, k) =
(
S + 1
S + 2
)2
δS,odd, (6)
which reveals the fundamental difference between VBS
states with odd- and even-integer spins. Only VBS
states with odd-integer spins represent topologically non-
trivial phases. An alternative and more useful char-
acterization was revealed through a non-local unitary
transformation[27, 29]
U =
N∏
k=2
k−1∏
j=1
eipis
z
j s
x
k , (7)
from which the local spin operators are transformed to
s˜zj = U
−1szjU = s
z
j exp
(
ipi
j−1∑
i=1
szi
)
,
s˜xj = U
−1sxjU = s
x
j exp
(
ipi
N∑
i=j+1
sxi
)
, (8)
where a string operator in s˜zj involves all the sites from
left edge site up to j − 1, while the string operator in s˜xj
3involves all the sites from the site j+1 up to the right edge
site. These properties will become crucial in studying the
transformed VBS wave function. Meanwhile, the non-
local SOP becomes to the local spin correlation via this
transformation:
U−1sµj s
µ
kU = s
µ
j exp

ipi k−1∑
i=j
sµi

 sµk , µ = z, x. (9)
TRANSFORMED VBS STATES AND ITS ES
For the convenience of performing the non-local uni-
tary transformation, the VBS wave functions are ex-
pressed in terms of the eigenvalue basis of the left edge
spin τz1 and the right edge spin in the τ
x
N :
|VBS (τz1 = α, τ
x
N = β)〉 =
(
a†1
)S
2
+α (
b†1
)S
2
−α
×
N−1∏
i=1
(
a†ib
†
i+1 − b
†
ia
†
i+1
)S (
c†N
)S
2
+β (
d†N
)S
2
−β
|vac〉,
where c†j =
(
a†j + b
†
j
)
/
√
2 and d†j =
(
a†j − b†j
)
/
√
2. The
transformed VBS states are ferromagnetic long-range or-
dered states with two finite magnetizations m˜xj and m˜
z
j
as local order parameters[? ]:
〈V˜ BS (α, β) |szj |V˜ BS (α, β)〉= (−1)α+S/2
(
S + 1
S + 2
)
δS.odd,
〈V˜ BS (α, β) |sxj |V˜ BS (α, β)〉= (−1)β+S/2
(
S + 1
S + 2
)
δS.odd.
Therefore the non-local transformation with the discrete
symmetry Z2 × Z2 plays the role of a topological disen-
tangler, because it turns topological order of the original
VBS state into conventional ferromagnetic order. The
eigenvalues α and β of the edge spins are used to classify
the transformed degenerate ground states |V˜BS (α, β)〉.
There exist four different classes of long-range ordered
ferromagnetic states with the degeneracy (S + 1) /2 each.
These degeneracies of each ferromagnetic ordered state
only appear for S > 1 odd-integer spins and results from
the partial polarization of the spins. The detailed ferro-
magnetic configurations are summarized in Table I.
To consider the ES of the transformed VBS state, we
cut the spin chain into two parts A and B (see Fig.1b).
When the edge spin τzL+1 is transformed into the τ
x
L+1
basis, the VBS wave function is written as
|VBS (α, β)〉 =
S∑
n=0
S∑
m=0
(−1)S−nCnSF (S, n,m)
× |VBS (τ z1 = α, τ
z
L = n− S/2)〉A
× |VBS (τxL+1 = m− S/2, τ
x
N = β)〉B , (10)
where
F (S, n,m) =
S−n∑
p=0
n∑
q=0
(−1)n−q
2S/2
CpS−nC
q
nδm,p+q,
TABLE I: The transformed SO(3) symmetric VBS states with
odd-integer spins. They are ferromagnetic states classified
into four groups by the eigenvalues of the edge spins τ z1 and
τxN , each with (S + 1)/2-fold degeneracy.
left edge τz1 = α right edge τ
x
N = β m˜
z
j m˜
x
j
S
2
, S
2
− 2, ...,−S
2
+ 1 S
2
, S
2
− 2, ...,−S
2
+ 1 S+1
S+2
S+1
S+2
S
2
, S
2
− 2, ...,−S
2
+ 1 −S
2
,−S
2
+ 2, ..., S
2
− 1 S+1
S+2
−S+1
S+2
−S
2
,−S
2
+ 2, ..., S
2
− 1 S
2
, S
2
− 2, ...,−S
2
+ 1 −S+1
S+2
S+1
S+2
−S
2
,−S
2
+ 2, ..., S
2
− 1 −S
2
,−S
2
+ 2, ..., S
2
− 1 −S+1
S+2
−S+1
S+2
and we have expressed the edge spins in the wave function
for part A in terms of τz1 and τ
z
L basis, and the edge spins
in the wave function of part B in terms of τxL+1 and τ
x
N
basis.
When the non-local unitary transformation is applied
to the VBS wave function, we separate the transforma-
tion into three parts U = UAUBUAB, where
UA =
∏
j<k∈A
eipis
z
j s
x
k , UB =
∏
j<k∈B
eipis
z
j s
x
k , UAB = e
ipiszAs
x
B .
UAB plays the essential role in determining the new ES.
szA and s
x
B take the eigenvalues of the corresponding edge
spins. Then the transformed wave function is written as
|V˜BS (α, β)〉
=
S∑
n=0
S∑
m=0
(−1)S−nCnSF (S, n,m) e
ipi(α+n−S
2
)(m+β−S
2
)
× |V˜BS (τz1 = α, τ
z
L = n− S/2)〉A
× |V˜BS (τxL+1 = m− S/2, τ
x
L = β)〉B , (11)
and the total density matrix of |V˜BS (α, β)〉 is thus ob-
tained. After the normalization factors are properly
taken into account, we can trace out the degrees of free-
dom of the wave function of the part A, and the reduced
density matrix is derived as
[ρB (α, β)]m,m′ =
S∑
n=0
S∑
m=0
S∑
m′=0
1
S + 1
CnS√
CmS C
m′
S
× F (S, n,m)F
(
S, n,m′
)
eipi(α+n−
S
2
)(m−m′).(12)
To complete the summations, some further algebra is
performed to rewrite the function F (S, n,m)F (S, n,m′)
in terms of the Schwinger bosons. When (m−m′) is
even, the phase factor disappears eipi(α+n−
S
2
)(m−m′) = 1,
and the diagonal elements of the reduced density matrix
is obtained
[ρB (α, β)]m,m′ =
δm,m′
S + 1
. (13)
However, when (m−m′) is odd, there is a phase fac-
tor (−1)(α+n−S2 ) in the summations, and non-diagonal
elements of the reduced density matrix is given by
[ρB (α, β)]m,m′ =
(−1)α−S/2
(S + 1)
δm+m′,S . (14)
4For the even-integer spins S, all the non-diagonal ma-
trix elements are zero because m +m′ can not be even,
and then ρB is a diagonal matrix with the same element
1/ (S + 1). This implies that the ES of the VBS states
with even-integer spins remains the same after the non-
local unitary transformation. Thus the degeneracy in ES
of VBS states with even-integer spins is not of topolog-
ical nature, consistent with the absence of the non-local
SOP found previously and triviality of this phase.[18]
However, for the odd-integer spins S, the above results
show that ρB has diagonal elements 1/ (S + 1) and skew
diagonal elements (−1)α−S/2/ (S + 1), so it is a X-form
matrix. For any edge configuration, ρB has one eigen-
value 2/ (S + 1), and the entanglement energy level is
dramatically changed and given by ζ˜ = ln (S + 1)− ln 2
with (S + 1)/2 fold degeneracy. In the spin-1 case,
the transformed VBS wave function is a ferromagnetic
product state, and the entanglement energy level is non-
degenerate.[31] For the S > 1 odd-integer spins, however,
the transformed VBS wave functions are still entangled
states, which are spin partially polarized ferromagnetic
states with a degeneracy (S + 1) /2 for each class. The
ES degeneracy of the transformed VBS states depends
on the precise form of the resultant ferromagnetic states,
and is thus non-topological. The crucial point, how-
ever, is that the non-local unitary transformation with
the discrete symmetry Z2 × Z2 has lifted the two-fold
topological degeneracy, which is shared by all of these
odd-integer spin VBS states belonging to the same topo-
logical phase[18]. Meanwhile, the topological degeneracy
and the topologically protecting symmetry can be read
off from the non-local unitary transformation.
SO(5) SYMMETRIC VBS STATE
In order to put the above results in a large context,
we consider VBS states with larger symmetry groups
which represent SPT phases with higher symmetry. We
start with a topologically nontrivial VBS state formed
in a spin-2 chain. Viewing each spin-2 as formed by
two spin-3/2’s, we can construct an SO(5) symmetric
VBS state[20, 21]. As pointed out in Ref.[32, 33], the
±3/2,±1/2 states of a spin-3/2 can be regarded as the
four states of the spinor representation of SO(5). Simi-
larly one can also represent the ±2,±1, 0 states of spin-2
as the five-dimensional vector irreducible representation
(IR) of SO(5). Then we can view the vector IR as the
symmetric component of the tensor product of two vir-
tual spinor IR’s, i.e.,
4⊗ 4 = 1⊕ 5⊕ 10. (15)
The numerals are the dimensions of the SO(5) IR’s. The
tensor product of two 5’s on adjacent sites decomposes
into
5⊗ 5 = 1⊕ 10⊕ 14. (16)
Comparing Eqs. (15) and (16), we can regard Eq. (15)
as the tensor product of two neighboring virtual spins
after their respective partners have form SO(5) singlet
with other virtual spins. Then one can find that SO(5)
singlet 1 and the antisymmetric 10 appear in the decom-
position but the symmetric 14 is absent. Therefore, if
H =
∑
i P14(i, i + 1), the SO(5) symmetric VBS state
where neighboring virtual 4’s pair into SO(5) singlet will
be the ground state. The operator P14(i, i + 1) can be
expressed in terms of the SO(5) generators
P14(i, j) =
1
2
∑
1≤a<b≤5
Labi L
ab
j +
1
10
(
∑
1≤a<b≤b
Labi L
ab
j )
2 +
1
5
.
(17)
Because the physical spin SU(2) is a subgroup of SO(5),
each IR of SO(5) must decompose into an integral num-
ber of SU(2) multiplets. Thus the 14 discussed above
must be expressible as the direct sum of SU(2) IR ob-
tained by decomposing the direct product of two S = 2
multiplets. Since the 14-dimensional IR is symmetric
upon the exchange of site indices, it must only contain
even-spin SU(2) multiplets, i.e. 14→ St = 2⊕ St = 4.
For an open chain, there exist a free spin-3/2 at each
end of the chain, leading to 4-fold degeneracy which is
topologically protected by a larger symmetry. The corre-
sponding topological ES degeneracy should also be 4-fold.
For comparison, in the SO(3) symmetric VBS states,
topology only protects a half edge spin and 2-fold ES
degeneracy for odd-integer spins, while there is no pro-
tection at all for even-integer spins.
SO(2S + 1) SYMMETRIC VBS STATES WITH
INTEGER SPINS
It is straightforward to promote the symmetry of
the VBS states and demand that the spin-S states on
each site transform under the (2S + 1)-dimensional vec-
tor representation of SO (2S + 1), which can be formed
by tensor decomposition of two virtual 2S-dimensional
spinors.[20–22] The main issue here is to identify the
topological degeneracy. Since SO(2S + 1) is a rank-S
algebra, there are S mutually commuting Cartan gener-
ators: {L12, L34, . . . , L2S−1,2S}. At each site, the quan-
tum states are classified by the eigenvalues of these Car-
tan generators as
L2α−1,2α|mα〉 = mα|mα〉, (mα = 0,±1). (18)
Thus the single-site states are associated with S quantum
numbers {m1, · · · ,mS}, and they are subjected to the
constraint
mαmβ = 0, (α 6= β). (19)
The topological feature of these VBS states can be char-
acterized by the following generalized non-local SOP
Oab = lim
|j−i|→∞
〈Labi
j−1∏
r=i
exp(ipiLabr )L
ab
j 〉. (20)
Since the ground state is SO(2S+1) rotational invariant,
the above non-local order parameters should all be equal
5to each other. To determine the value of these parame-
ters, only O12 needs to be evaluated. In the L12 channel,
the role of the phase factor in Eq. (20) is to correlate the
finite spin polarized states in the m1 channel at the two
ends of the string. If nonzero m1 takes the same value at
the two ends, then the phase factor is equal to 1. On the
other hand, if nonzero m1 takes two different values at
the two ends, then the phase factor is equal to −1. Thus
the value of O12 is determined purely by the probability
of m1 = ±1 appearing at the two ends of the string. It is
straightforward to show that the probability of the states
m1 = ±1 appearing at one lattice site is 2/(2S + 1) and
thus O12 = 4/(2S + 1)2.
In the SO(2S + 1) Lie algebra, (L2α−1,2α, L2α−1,2S+1,
L2α,2S+1) span an SO(3) sub-algebra in which
exp(ipiL2α,2S+1) plays the role of flipping the quantum
numbermα. This exponential operator can flip the quan-
tum numbers of mα without disturbing the quantum
states in all other channels. Thus the following non-local
unitary transformation with Z2 × Z2 discrete symmetry
Uα =
∏
j<i
exp
(
ipiL2α−1,2αj L
2α,2S+1
i
)
, (21)
can change the spin configuration in the mα channel into
a ferromagnetically ordered one. Furthermore, by per-
forming this non-local transformation successively in all
the channels U =
∏S
α=1 Uα, all the configurations of the
ground state will become ferromagnetically ordered. Ap-
plying U to the Cartan generators, it can be shown that
ULabi U
−1 = Labi exp(ipi
i−1∑
j=1
Labj ). (22)
Substituting this formula to Eq. (20), we find that
Oab = lim
|j−i|→∞
〈
Labi L
ab
j
〉
U
. (23)
Thus the non-local SOP Oab of the Cartan generators be-
come the ordinary two-point correlation functions of local
operators. Under this general non-local unitary transfor-
mation with the (Z2 × Z2)S symmetry, the topological
order of the original VBS states is transformed into con-
ventional ferromagnetic order, just like in the SO(3) case.
When an open chain system is considered, there appear
2S degenerate edge states at each end of the chain, which
are also topologically protected by the discrete symmetry
(Z2 × Z2)S . Accordingly the topological degeneracy in
the ES can be read off as 2S-fold. We thus find that a
higher symmetry in the SPT phase protects a higher ES
degeneracy.
CONCLUSION
We have shown through explicit examples that entan-
glement spectra of topological ground states contain both
universal and non-universal structures. The topological
degeneracy of the lowest entanglement energy level may
be lifted or isolated by a generalized non-local unitary
transformation or topological disentangler, which is de-
termined by the minimal symmetry protecting the topo-
logical phases. Our results shed significant light on the
issue of using entanglement spectrum to identify topo-
logical order.
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